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GENERAL EQUILIBRIUM IN AN 

ISOLATED REGION 

We developed the general theory of regional specialization and inter
regional trade in Part IV, gradually complicating our theoretical models 
so as to explain the simultaneous and interdependent determination of 
product prices, factor prices, production and consumption patterns, and 
interregional trade flows. Although attention was centered on the two-
region case, our models represented a considerable extension of the 
treatment of single-product markets in space, time, and form. Emphasis 
thus far in Part V has been on agriculture and on the land resource, but 
it should be apparent that, again, this analysis is reaching toward a general 
theory of economic interdependence. In this chapter these interrelation
ships will be examined for an isolated region. Multiple region models will 
be discussed in Chapter 20. 

19.1 A SIMPLE GENERAL EQUILIBRIUM SYSTEM 

Although we do not pretend to develop here a complete theory of general 
equilibrium, it may be useful to begin by presenting a set of simultaneous 
equations of the Walras-Cassel type often used to describe such an equili
brium in an isolated region. The specific equations presented in this 
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section are drawn directly from Ohlin, although we have taken the liberty 
of using a slightly different nomenclature.' In the following chapter, which 
deals with two or more regions, we introduce spatial identifications as 
subscripts. We use superscripts only in the present chapter. 

In our region there are H inhabitants (households) having R', R-
R1 fixed total amounts of the F basic resources (factors) and with given 
ownership patterns of these resources by individuals. We let k represent 
the commodities that are produced and consumed with k = 1,2,..., /C. 

Technical Coefficients. Production functions are taken as given. The 
technical coefficients, akf, relate factor inputs to product outputs: «", 
a1-,...,«"' are the inputs of each of the F factors used to produce one 
unit of the first product; a'n, «*-,... ,«''''' the inputs of each factor used 
to produce one unit of the kth product, and so on. The technical coeffi
cients of the K commodities are not fixed, however, but depend on the 
relative prices vf of the F factors. These functional relationships are 
indicated by the following set of equations: 

fl"=/"(i)V...t)') 

(I) 

flw=fVi)2...i)'') 

where the v's represent the several factor prices. 

Product Prices. Under perfect market conditions, product prices 
P1' will equal costs of production, and cost of production for any product 
will be the sum of unit factor inputs am multiplied by factor prices vf. 
Inequations 

pi = a1V + a1VH r-a"V 

(2) 

pK = aK\v\ + aKlv> + 1_ aKI-vF 

Market Demands. The demands for the K commodities are deter
mined by basic tastes and preferences and can be expressed as functions 

'Bertil Ohlin, "Simple Mathematical Illustration of Pricing in Trading Regions," Inter
regional and International Trade, Appendix I (rev. ed.; Cambridge: Harvard University 
Press, 1967), pp. 297-300. 
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376 ARRANGEMENT OF ECONOMIC ACTIVITY 

of commodity prices and of the distribution of incomes among the 
households: 

D1 =fl(P1 ...P^Y1... Y") 

'. ( 3 ) 

DK=fK(P1...PK,Y1...YH). 
Individual Incomes. In Equation 3 the >"s represent household 

incomes. These incomes are generated, however, from factor prices and 
the given resource ownership patterns. Thus, if Ohf represents the amount 
of factor/owned by individual h, we can specify these incomes as 

yi = 0 ' V + O , V + - • • + Oif'vf' 

(4) 

YH = 0mvi + 0H2v-i + h o»v. 

Resource Use. The aggregate requirements for every factor can be 
specified in terms of the quantities X1' of the products produced and the 
technical coefficients alk. In equilibrium, the total use of factors must 
exactly equal the amounts Rf of the factors available; if use is less than 
the available quantity, the factor becomes a free good and, thus, drops 
out of the system. In equation form, we have 

/?' =a',X'+a2'X2 + \-aKiXK 

(5) 

RF = anX' + a^'X1 + • •• + aKFXK. 

Demand and Supply. Finally, we have the equilibrium condition that 
the quantities of products produced must equal the quantities consumed, 
or 

A" = D ' 

(6) 

XK = DK. 

Equilibrium. We now have completed the circle of interdependent 
relationships. Notice that the fifth set of equations can be redefined as 
follows: in terms of D from Equations 6; in terms of P and Y from 
Equations 3; and finally in terms of v from Equations 1,2, and 4. In short, 
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this system can be reduced to a set of F equations involving only the F 
unknown factor prices. 

In this system, one equation is not independent of the others. If we 
have specified the outputs of K — I products, the output of the final 
product is already determined by the residual resources available for its 
production. As a consequence, the solution of the set of equations will 
not yield a set of absolute prices but a set of relative prices. We can 
designate one commodity (for instance, gold) as the base for the mone
tary system and with a price equal to one, in which case all other prices 
will be expressed in terms of this monetary unit. By the usual test of 
counting equations and unknowns, then, the system is presumed to be 
determinate. Once the set of factor prices is obtained, it is a relatively 
simple matter to work back through the system to determine the related 
sets of product prices, incomes, resource allocations, and outputs of the 
several commodities. 

These equations have not been presented for their operational value. 
As noted earlier, the particular relationships involved are extremely com
plicated and, with the addition of space considerations, could be reduced 
to algebraic form only with great difficulty. But they do serve to illustrate 
the concept of general interdependence. From the above equations, it 
can be seen that any technical change for a particular commodity will 
have repercussions throughout the entire system, as would any change in 
income distribution, in demand, or in the basic endowment of natural 
resources. Furthermore, we have observed how a change that affects any 
commodity in any market will set in motion a wave of influences that 
eventually affects all commodities in all markets. Since it is beyond 
our abilities to know everything and to enter all relationships in proper 
form, practical research must proceed on the basis of simplification, with 
partial or particular equilibrium models. The validity of our research 
results, it follows, will depend on our wisdom (and good fortune) in making 
simplifications and aggregations that do not seriously distort our particular 
findings. 

19.2 A MODIFIED GENERAL EQUILIBRIUM SYSTEM 

One possible simplification of the single region system is the following.2 

First, we take the technical coefficients a1" as given instead of variable, 
as in equation set( 1). Second, we allow inequalities between unit costs and 

2We follow Dorfman, Samuelson, and Solow in much of this chapter. See Robert 
Dorfman, Paul A. Samuelson, and Robert M. Solow, Linear Programming and Economic-
Analysis ("The Rand Series." New York: McGraw-Hill Book Company, Inc., 1958), 
Chapter 13. pp. 346-389. 
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commodity prices in addition to the equalities required in equation set(2). 
Should the factor cost of any commodity exceed its price, the output of 
that commodity would be zero: 

auv1 + anv2 + \-aFlvFs* P1 

'. (7) 

a' V + crHv- + • • • + aFKvF s= PK. 

Third, we substitute factor prices for individual incomes in the market 
demand equations [set (3)] as a method for allowing changes in demand 
induced by shifts in the level and distribution of income. We now write 

Xx=fl(P\...,PK,v\...,vF) 

(8) 

XK=fK(P\...,PK,v\...,vF). 

and delete the income equations shown above as set (4). 
Next, we allow the market to determine which, if any, of the available 

resources will not be fully utilized. This is expressed algebraically by 
rewriting equation set (5), by using inequalities: 

auX'+av'X- + - •+a'KXl< =£ /?' 

(9) 

aF,Xl + aF-X~ +•••+ aFKXK =s RF. 

Finally, we drop the demand-supply relations (6) and add a new 
resource supply relation that expresses resource availability as a function 
of product and factor prices: 

R' = G](P' PK, v\...,vF) 

(10) 

RF = G'(P1 PK, v' vF). 

In the four sets of equations, (7) through (10), we have 2F plus IK 
equations, although sets (8) and (10) contain only F + K— I independent 
equations. Unknowns consist of the v's (F), P's (K), A"s (K), and R's 
(F). As noted in the previous section, one product price may be selected 
as numeraire, leaving 2F + 2K— I unknowns, which is equal to the 
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number of independent equations. A rigorous statement of conditions 
necessary to assure existence and uniqueness is given by Dorfman et al.3 

19.3 LINEAR PROGRAMMING FORMULATION WITH FIXED 
RESOURCE SUPPLIES4 

It is instructive to look at the linear programming specification of the 
above model, as outlined by Dorfman et al., before adding the complica
tions of spatial aspects and alternative production processes.5 To simplify 
the presentation, we assume that factor supplies are given: that is, supplies 
described in Equation 10 are perfectly inelastic at given levels. For the 
general equilibrium system under competitive conditions with all firms 
acting as price-takers (that is, quantity adjusters), we wish to maximize 
the value of output with given product prices. This value must be equiv
alent to factor returns which will be at their minimum, a condition that 
is assured in the direct and dual problems of linear programming. More 
formally, we may state the problem as follows: 

K 

Maximize Z, P x 

k=l 

Subject to Axk =£ rf 

x" 3= 0. 

In order that xk attain a maximum (xk), it must also satisfy the condition 
that the direct problem maximum must equal the value of the dual, or 

for some vector v of imputed factor prices, which must satisfy 

u'3= 0 
vA s= pk. 

By writing out the problem in full, we have the following linear 
programming problems. 

Direct. (Maximize the value of output) 
K 

Maximize: 2 Pkxk 

'Ibid, pp. 366-375-. 
"The remainder of this chapter is drawn from an unpublished report by Gordon A. King, 

"Analysis of Location of Agricultural Production and Processing" (University of California, 
Davis, 1965). 

5Dorfman et al., op. cit., p. 370. 
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Subject to 

Dual. (Minimize 

Minimize: 

Subject to 

(a)xk 2= 0 
(b)a"x' + ar2x2... 

a2,x] + a22x2... 

a"xJ + aF2x2.. 

total factor returns) 

(a) vf s= 0 
(b)ailvi + a21v2... 

a1 V + a 2 V . . . 

. a'KxK 

. a2KxK 

. aFKx> 

t 

aFivF 

aF2vF 

=S rx 

=s r2 

K =£ rF. 

3= / » 
3= P1 

(11) 

(12) 

The problem is solved by assuming a set of product prices pk and by 
obtaining the set of other unknowns (xk, v!). The remaining step is to 
check this set of prices and quantities with the demand equations (8) for 
consistency. If consistent, the solution is complete. If not, we must 
revise prices and rerun the linear programming problem. This method is 
familiar, as we have used it earlier in dealing with the quantification of 
spatial equilibrium models with demand functions specified. 

19.4 LINEAR PROGRAMMING FORMULATION WITH ALTERNATIVE 
PRODUCTION PROCESSES 

This model of production was generalized by Koopmans (1951) to include 
alternative production processes as well as various intermediate commod
ities that are not desired by consumers as such but that are used in 
producing final commodities. The introduction of alternative production 
processes requires the distinction between outputs (xk) and process 
levels, which we shall refer to as xks, where superscript k refers to the 
commodity and s to the process or system used in its production. That 
is, in association with each commodity, we now allow alternative tech
niques that require different amounts of the inputs. Our unit level input-
output coefficients also now require an added superscript to identify the 
process. That is, alks represents the amount of input/used to produce one 
unit of commodity k by process s. The symbol xk still represents output 
of commodity k and will be a measure of production by process JC*\ xk2, 
or whatever process is selected in the linear programming solution. The 
(b) restraint in the direct linear programming problem thus is modified as 
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follows: allien +0112^12 +0121^21+ a 1 2 2 ; c 2 2 QIKSXKS <£ ,.1 

a2uxu + a212x,2 + a22lx2l + a222x22... =s r2 

(13) 

a"1*11 + an2x'2 + aF2'x2' + aF22x22... aFKSx ,FKSrKS rr. 

The program thus selects the activity that will maximize the value of 
output and will minimize total factor returns. Modification is required in 
the dual restraint (b) in 19.3, similar to that shown above for the direct 
problem. 

19.5 INTRODUCTION OF INTERMEDIATE COMMODITIES 

Let us consider a simple economy with two final commodities. There are 
two processes available for the production of each that require two 
resources (for instance, land and labor) plus an input of a previously 
produced commodity, that is, an intermediate commodity. An example 
might be broiler production that requires land, labor, and an intermediate 
commodity, feed grains. The production of the intermediate commodity, 
feed grains, requires only land and labor resources for its production in 
this simple case. 

In Figure 19.1, we illustrate the production conditions for an even 
more elementary situation in which the final commodity requires only one 
resource and one intermediate commodity. The inputs required to pro
duce one unit of output x by process 1 are given by point (au,yu); and 
similarly for process 2 (a11, y11)- For the production of the intermediate 
commodity, resource input per unit output by process 1 is (bu,b22) and by 
process 2 is(bn,b22). 

We can write out the set of equations required to obtain an equilibrium 
in prices and levels of processes for final and intermediate commodities 
and for resource flows. To save space, the alternative processes will not 
be written out but can be considered as an added term for each commodity 
as, for example, in the equation system shown in the previous section. 
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FIGURE 19.1 The alternative production processes for final commodity, x, and inter
mediate commodity, y. 
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There are 12 equations in this system: they relate to the demand for 
resources (2); the demand for intermediate commodities (2); the market 
demand for final commodities (2); the supply of resources (2); the supply 
of intermediate commodities (2); and a unit cost condition for each 
commodity (2). 

Demand for Resources 

anxi+al2x2 + buy1 + b12y2 « r' ( I 4 ) 

a21*1 + a22*2 + b2,y' + b22y2 « r2 

Demand for Intermediate Commodities 

buxl + bt2x2^ s1 (15) 
b2lxl + b22x2 =£ s2 

Market Demand for Final Commodities 

x' = F(P\P2,p\p2,v\v2) ( 1 6 ) 

x2 = F(P\P2,p\p2,v\v2) 

where quantity is a function of final commodities (Pk), intermediate 
commodities (pm), and resource prices (vf). 

Supply of Resources 

r1 

r 
= G(Pl 

= G(P' 
,P2,p\p2,v] 

,P2,p\p2,v> 

Supply of Intermediate Commodities 

Unit Cost R< 

s> 
s2 

?lation 

= S(P\ 
= S(P>, 

P2,p\p2,v\ 
P2,p\p2,v\ 

,v2) 
,v2) 

v2) 
v2) 

(17) 

(18) 

tf'^' + a ^ + ^ V + ^ V ^ P1 (19) 
aV2v' + a22v2 + bl2pl + b22p2 & P2 

where now the final commodity price is equal to the sum of the resource 
cost (auv' +a2,v2) plus the intermediate commodity cost (b"p' + b2,p2). 
With alternative processes, the programming solution selects that 
process which provides maximum final commodity output consistent 
with minimum factor cost. 

We now sketch out this problem in activity analysis format. If we had 
only one process, both for final and intermediate commodities, and one 
limiting resource, labor, the problem could be reduced to the Leontief 
input-output case, as indicated by Dorfman et al.6 Alternatively, if 

"Ibid, p. 355. 
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resources and intermediate commodity supplies are given, our problem 
reduces to the one considered in section 19.3. A demand function could 
be introduced into that problem, and the resulting quadratic programming 
problem could be solved. However, we shall proceed in a stepwise 
fashion by assuming prices for commodities but treating resource supplies 
Kas fixed. 

We wish to maximize the value of output, subject to certain restraints. 
These restraints are presented in Table 19.1 in an activity analysis frame
work, in the equations, and in matrix notation for comparative purposes. 
Notice that prices are inserted in the objective function for final com
modity and for intermediate commodities. For final commodity, there is 
an additional demand function for each good. A price (P") and quantity 
(£>') consistent with the demand function are inserted into the program. 
With an equilibrium result the "rents" (u5, us) that are associated with 
the final commodity quantities will be equal to zero, indicating a consistent 
set of prices and quantities. A similar procedure is followed for the 
intermediate commodity supplies (5s). The prices (ps) which are inserted 
into the objective function must be consistent with a supply function for 
intermediate commodities. With an equilibrium solution, the rents 
associated with these intermediate commodities (u3, u4) must be consis
tent with the prices inserted in the objective function. The rents associated 
with the resources are indicated by uu u2. 

TABLE 19.1 Final and Intermediate Commodity Model for Simplified Two-
Product Case 

Rent 

« i 

« 2 

« 3 

« 4 

"s 

" 6 

Equa- -
tion 

0 
1 
2 
3 
4 
5 
6 

Production Activity 

Final Commodity 

X1 

P1 

a1' 
a2' 
b" 
b" 

- 1 

Jc1 X2 

p, pi 

a" a12 

a21 a22 

b" bn 

b" b22 

- 1 
- 1 

r 

X2 

P2 

a12 

a22 

b'2 

b22 

-1 

Intermediate Commodity 

y1 

-P> 
b" 
b2' 
1 

y1 

-Pl 

bu 

b2' 
1 

y2 

-P2 

b12 

b22 

1 

y2 

-P2 

b12 

b22 

l 

Restriction 

=s r' 
=£ r2 

« 5 1 

=£ S2 

=s -£>' 
= s - D 2 

Note. The bar is used to identify second processes (for example, x' and x1). See 
discussion in text. 
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The symbols in Table 19.1, which treats the two-intermediate com
modity and the two-final commodity case, each with two production 
processes, may be interpreted as follows. 

Maximize total value of final commodity 

= Pix' + P2x2-p1y1-p2y2 

whenjc1,)?1 3= 0. 

Subject to 

Resource Demand and Supply Relation 

(1) aux' + auxl + al2x2 + anx2 + buyl + buy + b12y2 + b™y2^ r1 

(2) a21xl + a2lxl + a22x2 + a22x2 + b2Y + b2lyl + b22y2 + b22y2 =s r2 

Intermediate Commodity Demand and Supply 

(3) b11x1 + b11x1 + b1*x2 + Bl2xi+ly1 + ly1 

(4) b2lx' + b2lxx + b22x2 + b22x2 + ly 2 + ly2 

Final Commodity Demand and Supply 

(5) 1 - x ' - l xl 

(6) l x 2 - l x2 

In matrix notation the problem may be written as follows. 

Maximize Px. 

Subject to: x 3= 0 
Ax =s R 

where the x vector is choice variables of outputs (x) and intermediate 
commodities (y); P is a vector of given prices;/! is a matrix of coefficients 
for input per unit of output by various processes; and (R) is the vector of 

-restraints. 
The dual of the above program is given in Table 19.2, where the objec

tive is to minimize returns to resources. Notice that the final commodity 
price for some activity will be equal to the cost of the intermediate com
modity plus the imputed resource cost. It also specifies the intermediate 
commodity price as equal to cost for production activities in the program. 

The symbols in Table 19.2 may be interpreted as follows. 
Minimize returns to resources 

= «,r' + u2r
2 + Slu3 + S2u4 + D'«5 + D2ue 

when ut =s 0. 

Subject to 
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TABLE 19.2 Dual of Problem Given in Table 19.1 

Equation 
Number 

1 
2 
3 
4 
5 
6 
7 
8 

« i 

a" 
a" 
a'2 

a'2 

b" 
b" 
b'1 

b" 

u> 

a2' 
a2' 
a22 

a22 

b2' 
b" 
b22 

b22 

« 3 

b" 
b" 
bn 

b'2 

1 
1 

Rents 

"4 «5 

b2' - 1 
b2' - 1 
b22 

b22 

1 

" 6 

- 1 
- 1 

1 

Restriction 

s=/" 
3 = / " 

s= p* 
3 = / » 

*P* 
*P' 
^P! 

^p2 

He' 
« 6 ' 

« 6 ' 

« 6 ' 

" 6 

0 3= /» 
0 3= P 1 

1 3= P2 

1 3= P2 

* P1 

> p * 
3*p2 

• 1 3=p 2 

F/na/ Commodity Price Equal to Cost of Resources and Intermediate 
Commodities 

(1) u,an + u2a
21 + u3b

n + u4b
21 - M5 • 1 -

(2) H,flU + M2fl
21 + H3fc

n + M4fc
21 - M5 • 1 -

(3) w,a12-l-w2a
22 + H3fc12-l-H4fc

22-H5-0-
(4) u,a12 + u2a

22 + u3b
12 + u4b

22-u50-

Intermediate Commodity Price Equals Cost 

(5) M,fen + M2fc
21 + M3- 1 

(6) Ulb
u + u2b" + u3 • 1 

(7) uib
X2 + u2b

22 + u5-l 
(8) u1b

l2 + utb
22 + 

In matrix notation the dual problem may be written as follows. 

Minimize uR 

Subject to u = 0 
uA = P 

where u is a vector of rents or imputed values to fixed factors; R is a 
vector of restraint coefficients; A is the matrix of input-output co
efficients; and P is the vector of prices for product (P) and intermediate 
commodity (p). 

Because of the difficulty of specifying a supply function for inter
mediate commodities, one simplification might be to specify the cost of 
the intermediate commodity (u:lb" + u4b

21). The result of this simplifica
tion is that in Equation 1 the unit resource cost is equal to the value 
added, or /" - (u3b

u + u4b
2'). 
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19.6 CONSIDERATION OF JOINT PRODUCTION 

Many agricultural production processes involve the output of more than 
one commodity. In livestock production, meat, hides, and by-products are 
commodity outputs. In crop production, rotation of crops is common to 
reduce disease problems and to maintain soil fertility. Alternative produc
tion processes can be defined that give differing output combinations but 
that maintain conditions of constant returns to scale for any given 
process. Agricultural economists frequently encounter such problems for 
individual firms under which the prices of the product are considered as 
given. In moving to the aggregate industry in this model, the demand 
function for each of the commodities must be specified. In the framework 
of Section 19.5, a process would now have associated with it two or more 
outputs, each of which would have a quantity demanded specified as a 
restraint. The price associated with the process would be the weighted 
average of the two output prices. In equilibrium, these quantities and 
individual prices would have to be consistent with the demand functions 
for the products. 
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