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REGIONAL PRODUCTION 
POTENTIALS 

The above analysis has been short run in nature for we have taken stocks 
of commodities as given and appraised exchange possibilities in terms of 
the distribution of these available' stocks among individuals or regions. 
This is only a first step, however, for important and significant problems 
in interregional trade involve the adjustments of regional production 
patterns in order to take full advantage of the special productive resources 
in any region. Regions and individuals are differently endowed —with 
abilities, skills, intelligence, physical power and agility, and training and 
experience for individuals and with quantitative and qualitative differ
ences in climate, soils, mineral deposits, location, and population in the 
case of regions. An exchange economy is characterized by the develop
ment of economic specialization or the division of labor. On the individual 
level, some men are mechanics, some butchers, some teachers, some 
doctors, some lawyers, and some professional athletes. Some regions 
predominate in heavy industry, some in light industry, some in the produc
tion of cereal crops, some in fruits and vegetables, and some develop as 
trading and commercial centers. The gain to the individual from special
ization in an exchange economy is obvious —consider the utter impossi
bility of each individual producing for himself the quantities of all the 
different goods and services that contribute to our modern living. In a 
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similar way, regional specialization gives rise to important economies and 
efficiencies in production. We initiate our inquiry into long-run trade 
adjustments, therefore, with a consideration of the production possibilities 
in regions. 

15.1 ALTERNATIVE PRODUCTION OPPORTUNITIES 

Let us return to Mr. Green and assume that he and his family were 
pioneers on the Ohio frontier at the beginning of the 19th century. He has 
been developing a farm in an isolated valley, and there he and his family 
have been struggling to produce a subsistence for themselves. Their 
productive resources include the labor and skills that they can provide, 
some simple tools, a span of oxen, and 50 acres of cleared land. It is 
certain that these limited resources (including climatic and soil conditions) 
place hard outside limits on the quantities and kinds of outputs they can 
produce. It is also clear that if they use most of their resources to produce 
corn, there will be few remaining with which to produce beans or potatoes. 
In short, this family has a limited range of production opportunities and, in 
general, will be able to expand the output of certain lines only by contract
ing or reducing the output in others. Its economic problem is that of 
deciding how to use these limited resources so as to yield the greatest 
satisfaction. 

For convenience in graphic presentation, assume that the Green 
family produces and consumes only two commodities (remembering that 
the analysis, if not the graphic procedure, is applicable to the case of many 
goods and services). And suppose that the farmland differs in quality as 
indicated in Table 15.1. For ease in computation, we have illustrated the 
case where the farm is divided into five-acre tracts with all land exactly 
the same within each tract but quite different from the land in other tracts. 
These between-tract differences are indicated by the yields of commodities 
A and B. Notice that the tracts differ not only in an absolute sense (Z is 
better than Y for both crops) but they also differ relative to the particular 
crop (V is fairly good for A but very poor for B, while X is very good for 
B but quite poor for A). Our problem is to show the A and B production 
possibilities with these tracts of land and the associated bundle of other 
resources. 

It can readily be determined that Green could produce 530 bushels of 
A if he used all of his land for A or 650 bushels of B if all land were 
devoted to that crop. It is also clear that he can move between these two 
extremes by progressively shifting land from A to B production. Suppose 
he shifts the land from A to B by following down the order of tracts as 
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TABLE 15.1 Land Tracts in the 
Green Farm, with Yields per Acre 
for Crop A and Crop B" 

Tract 

V 
W 
X 
Y 
Z 

Acres 

10 
10 
10 
10 
10 

Yie 

1 

A 

11 
15 
6 
4 

17 

Ids (Bushels 
per Acre) 

B A/B 

2 5.50 
7 2.14 

23 0.26 
13 0.39 
20 0.85 

"Hypothetical data. Yield data 
drawn and arranged at random from 
numbers from 1 to 25. 

TABLE 15.2 
Crop B" 

Production Combinations as Land is Shifted From Crop A to 

Order No . 1 

Total 
Production 
(Busl nets) 

Tract C r ° P 
A B 

530 
V 420 
W 270 
X 210 
Y 170 
Z 0 

0 
20 
90 

320 
450 
650 

Order No. 

Tract 

_ 
Y 
X 
V 

w 
Z 

.2 

Total 
Production 
(Bushels) 

Crop 
A B 

530 
490 
430 
320 
170 

0 

0 
130 
360 
380 
450 
650 

Order No. 3 

Tract 

_ 
X 
Z 
Y 
W 
V 

Total 
Production 
(Bushels) 

Crop 
A B 

530 0 
470 230 
300 430 
260 560 
110 630 

0 650 

Order No. 4 

Tract 

_ 
X 
Y 
Z 
W 
V 

Total 
Production 
(Bushels) 

Crop 

A B 

530 0 
470 230 
430 360 
260 560 
1 10 630 

0 650 

"Based on Table 15.1. This is ordered as follows. No. 1. As given in Table 15.1. 
No. 2. From lowest to highest A yields. No. 3. From highest to lowest B yields. 
No. 4. From lowest to highest ratio of A yields to B yields. 
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listed in the table. With all land in A, his output would be 530 bushels of 
A and zero bushels of B. After shifting tract V to B, the results would be 
420 bushels of A plus 20 bushels of B. Transferring the W land would 
reduce A to 270 bushels and increase B to 90, and further moves down 
the table would give combinations of 210 and 320 bushels, 170 and 450 
bushels and, finally, zero bushels of A and 650 bushels of B. These 
production possibilities are summarized as Order No. I in Table 15.2 and 
Figure 15.1. 

It takes little thought to indicate that this order, although possible, 
would be a particularly unfortunate way to go about allocating resources 
between A and B. Farmer Green recognizes this at once and realizes that 
a better plan would be to first shift the poorest A land to B, then the next 
poorest, and so on. This indicates that tract Y should first be transferred 
to B, followed in order by X, V, W, and Z. The results of this Order No. 2 
are clearly superior to Order No. I throughout most of the range. But 
Green is still dissatisfied, since it occurs to him that an alternative order
ing would have been to array the tracts from the best to the poorest B land 
instead of from the poorest to the best A land. The results of Order No. 3, 
shown in the table and diagram, do prove to be substantially better than 
Order No. 2. 

We could forgive Green if he stopped at this point, since he has 

600 r-

,400 

200 
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i X i 
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FIGURE 15.1 The production possibilities curves derived from Table 14.2. 
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considered ordering the land transfer both from the standpoint of A yields 
and B yields and worked out quite an improved program. But pioneers 
pay directly for inefficiency, and Green finally realizes that the really 
important consideration is not the absolute yields of either crop but the 
comparative yields of A relative to B. He wants to transfer his land from 
A to B so as to reduce as much as possible the cost of increasing B when 
measured in the foregone opportunity of producing A. He calculates the 
ratios of the yields of A to the yields of B as shown in the last column of 
Table 15.1 and makes an array from the lowest to the highest values of 
this ratio. This final Order No. 4 does prove to be better than Order No. 3 
and, in fact, is the best possible under the stated circumstances. Green 
now has four schedules or curves showing possible production patterns, 
but the last is as good as or better than all the others at all the points on 
the curve. 

This curve showing the most efficient production possibilities is called 
the opportunity cost curve because, as explained above, it shows the cost 
of producing one commodity in terms of the foregone opportunity of 
producing the other. If we had considered a case with a large number of 
grades of land and with more or less continuous variation in yields, the 
opportunity cost curve would become smooth and continuous instead of 
being made up of a few straight-line segments; but it would retain the 
same general shape —concave to the origin. With such a smooth curve, the 
slope of the curve at any point would represent the opportunity cost ratio. 
In the present case, where factors other than land are held constant, the 
slope of the opportunity cost curve represents the ratio of yield per acre 
of A to yield per acre of B —the ratio that Green used to obtain his final 
and most efficient ordering. 

15.2 OPPORTUNITY COST CURVES-SINGLE HOMOGENEOUS 
FACTOR 

The foregoing illustration of the derivation of a concave opportunity cost 
curve is based on qualitative differences in a single productive factor. 
Although this is realistic, it is important to realize that these concave 
opportunity cost curves will result with homogeneous factors if produc
tion is characterized by the law of diminishing physical returns. Consider 
the case of the production opportunities that are based on a single homo
geneous factor that may be used in the production of two alternative 
commodities. First, assume that the production function for each factor 
shows constant returns —that the law of diminishing returns does not 
hold true. 
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Constant Returns. This situation is illustrated in Figure 15.2 where, 
in the top portion of the figure, we show the production functions for the 
two commodities. The output of commodity A is represented by the 
straight line sloping upward and to the right, and apparently it reflects a 
basic production function of the type Q„ = AFa where Fa represents the 
use of the single factor F in the production of commodity A and the con
stant A represents the uniform output of Qa per unit of F„. The same 
diagram shows the production function for commodity B: Qb = BFb 

where we have reversed the curve so that the origin is at the right of the 
diagram and with the length of the base line 0a0„ representing the total 
available F. From this construction it is clear that any vertical line on the 

© 

o d' 

Output Qb -
(b) 

FIGURE 15.2 The linear production functions involving a single homogeneous factor 
and the corresponding opportunity cost curve, (a) Production functions, (b) Opportunity 
cost curve. 
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diagram will represent a particular allocation of the total available F 
between the two alternative uses, so that F = F„ + Fb. It is also clear that 
a shift of a unit of F from the production of A to the production of B will 
represent a constant reduction of A units of A in order to obtain a con
stant increase of B units of B. The corresponding opportunity cost curve, 
then, is shown in the lower part of the diagram. As indicated above, this 
opportunity cost curve will be linear, with slope equal to—A/B. 

Notice that every point on the opportunity cost curve corresponds to a 
particular allocation of F between A and B. Thus, if we allocate the total 
F with 0„f to A and 0bc to B, this will result in outputs of cd of A and ce 
of B shown in Figure 15.2a. In Figure 15.2b, showing the opportunity 
cost curve (or the product transformation curve), these quantities are 
represented by point c'— and every other point on the opportunity cost 
curve will correspond to a particular allocation of F between the two 
alternative uses. 

Although this is an almost trivial case, it is instructive to trace through 
the mathematical relationships involved. We are given two products, A 
and B, each produced in direct proportion to inputs of a single factor F. 
Thus, the two production functions are of the form: 

Q„ = AF„ (15.1) 

Qb = BFb. (15.2) 

We also know that the total available amount of the factor F is fixed, so 
that 

F=F„+Fb. (15.3) 

The production functions (15.1) and (15.2) can be rewritten to obtain 

F» = ^ (15-4) 

By substituting in Equation 15.3, we find that 

F„ = F-%. (15.6) 
D 

By equating the two expressions for F,„ Equations 15.4 and 15.6, we 
obtain 

Qa = AF-^Si. (15.7) 

This, then, is the equation for the opportunity cost curve —a straight line 

© 1978 by Mrs Raymond G. Bressler and Richard A. King. 



REGIONAL PRODUCTION POTENTIALS 299 

with intercept AF and with slope -A/B. This slope of any point on the 
opportunity cost curve is 

dQq _ -A __ -MPPa 

dQb B MPPb • ( 1 5 8 ) 

In short, the slope of the opportunity cost curve represents the (negative) 
ratio of the marginal physical productivities of the factor in the two alter
native employments: (dQJdF)l(dQb/dF). Since linear production 
functions are used in this example, the marginal productivities are 
constant; the slope of the opportunity cost curve must also be constant 
throughout —the curve is a negatively sloping straight line. 

It is important to recognize that the slope of the opportunity cost curve 
also represents the inverse ratio of marginal costs. In the present example, 
only one variable factor is involved and, thus, the marginal cost will 
represent the factor price divided by the marginal physical productivity. 
Thus, we may express the slope of the opportunity cost curve in these 
alternative ways: 

dQa = -MPPa ~~ (MPPJ = -MCb (159) 
dQb MPPb I P, \ MCa ' 

\MPPJ 

Decreasing Returns. Consider now the situation with two products 
and a single factor fixed in total supply but with the production subject to 
(eventually) diminishing physical returns. The graphic representation of 
this situation is essentially similar to the previous case as illustrated in 
Figure 15.3. Again, we have the fixed factor F and the production func
tions for A and B; but now we illustrate the situation where each output 
at first increases at an increasing rate with applications of the factor, but 
eventually the increase occurs at a decreasing rate. Any allocation of the 
given factor F between the two alternatives is again represented by a 
vertical line in Figure 15.3a, and points on the opportunity cost curve in 
Figure 15.3b are represented by these pairs of A and B outputs. 

We have already discovered that the slope at any point on the oppor
tunity cost curve represents the marginal productivity ratio, but now we 
are confronted with a situation where the marginal productivities \nA and 
B are changing as we shift the factor from use in one enterprise to the 
other. The result is an opportunity cost curve that is curvilinear, as 
illustrated in Figure 15.36. Throughout most of the range of this curve, 
both outputs are subject to diminishing returns; as a consequence, the 
opportunity cost curve is concave to the origin. At the extremes of the 
curve where production is nearly specialized in either A or B, however. 
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Output Qb >-
(b) 

FIGURE 15.3 The production functions showing increasing and decreasing returns 
and the corresponding curvilinear opportunity cost curve, (a) Production functions, 
(b) Opportunity cost curve. 

the increasing returns phase of one production relationship becomes 
dominant and. as a result, these portions of the opportunity cost curve are 
actually convex to the origin. 

Mathematical representation of this situation parallels the previous 
case, but because of diminishing returns in the production relationships 
the mathematics is more complicated. In simple form, these production 
functions might be represented by 

Qa = AF„" (15.10) 

Qb=BFb'» (15.11) 
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where the exponents n and m have values less than l.O.1 As before, 
these production functions can be transformed to give two F„ equations: 

F«=lffi" (15.12) 

F"=F~{W (i5-i4) 
By equating these F„ expressions, we obtain the equation for the oppor
tunity cost curve: 

Q„ = A •mi (15.15) 

Although this is a somewhat complex form, clearly, it defines the oppor
tunity cost curve as concave to the origin, with slope decreasing at an 
increasing rate. 

The slope of any point on this opportunity cost curve, of course, is 
represented by the derivative dQJdQb. The opportunity cost function 
(15.15) is of the general form Qa=AUn where U is a function of Qb. The 
derivative, therefore, takes the form dQJdQb = dQJdU • dU/dQb where 
U = F-(QbIB)i»».\.e. = F„. 

dQJdU = nAUn-'= nAUn/U = nQJU (15.16) 

dUldQb = -l/fli(l/B"" ,)Qs""'-1 

= -l/m(Qb
v'"IB'»")llQb 

= -\lm(FbIQb). (15.17) 

From Equations 15.16 and 15.17 it follows that 

dQ„ldQb = - nQ„IU(FblmQb) 
= -nQJF„(FblmQb) 
= -(nAFn"IF„)(FblmBFb>") 
= -(nAFn"-i)l(mBFb"'-1). (15.18) 

But this is the ratio of the derivatives of our original production functions 
(15.10) and (15.11), with respect to F„ and Fb; so again we observe that 
the slope of any point on the opportunity cost represents the (negative) 

'These functions do not include phases with increasing returns, but they permit us to 
illustrate the concavity of the opportunity cost curve without unduly complicating the 
mathematics. 
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ratio of marginal physical productivities. As before, this also means that 
the slope represents the inverse ratio of marginal costs. 

15.3 OPPORTUNITY COST CURVES-MULTIPLE FACTORS 

We now discuss the more general case in which production involves 
several factor inputs. Although the analysis is appropriate for the many-
factor, many-product case, for obvious reasons the graphic presentation 
is limited to two inputs and two products. Consider, then, the case in 
which two factors are involved in the production of any commodity, and 
in which they are substitutable one for the other but subject to diminish
ing returns. Isoquants showing factor substitution in the production of 
unit quantities of two commodities are given in Figure 15.4. We know 
that the slope at any point on an isoquant represents the production rate 
of substitution or the inverse ratio of marginal physical productivities of 
the two factors. Now. as we use less of factor 1 and correspondingly more 
and more of factor 2. the marginal productivity of factor 1 increases but 
the marginal productivity of factor 2 decreases. The result is that as 
the MPPJMPPt ratio declines, the slope of the isoquant decreases, and 
the isoquants are convex to the origin as shown. Moreover, we have 
selected two commodities with somewhat different factor requirements: 
crop A is a relatively heavy user of factor 2 and. thus, is called F2-
intensive. and crop B is F,-intensive.2 

Let us suppose that Farmer Brown proposes to produce these two 
crops and that he has available Oak of factor 1 and Oaj of factor 2. His 
production possibilities for crop A are illustrated by the system of 
isoquants convex to origin Oa in Figure 15.5. They have been developed 
from the unit isoquant for crop A in Figure 15.4 with the assumption 
that Brown's total output is subject to first increasing and then diminish
ing returns as a consequence of his limited managerial factor. Consider 
any fixed proportions in factor combinations represented by any straight 
line, such as Oa/ , through the origin. If Brown's total output was charac
terized by constant returns, then equal increments or additions to output 
could be obtained by directly proportionate increases in both factors at 

2Since the proportions of factor inputs vary as we move from point to point on the unit 
isoquants. this is an ambiguous definition. Consider the production function 

Q = AF,"F,'" 

where the exponents/! and m have values less than 1.0. If/i > m.the process isF,-intensive; 
if n < m. it is /-Vintensive. Notice also that when n + m > 1.0. there are increasing returns 
to scale; when n + m < 1.0, there are decreasing returns to scale; and that when n + m = 1.0, 
there are constant returns to scale. 
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Factor 2 -

FIGURE 15.4 The unit isoquants showing the combinations of two factors to produce 
one unit of F2-intensive crop A and one unit of F,-intensive crop B. 

this fixed combination ratio. This means that isoquants representing equal 
increments would cut the line O a /a t equal intervals. But with increasing 
and then decreasing returns, equal increases in inputs will bring more 
than proportionate increases in output in the low-volume range and less 
than proportionate increases in the high-volume range. Thus, the distance 
Oac is larger than cd to reflect increasing returns, although de, ef, and so 
on are larger and larger to show diminishing returns. 

With given and fixed quantities of F, and F2 available, it is possible 

- Crop A isoquants 
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FIGURE 15.5 The isoquants and production contract line (PCL) for two factors and 
two commodities. 
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to represent all production possibilities by an "Edgeworth box" diagram 
with sides equal to the available resources. This is also shown in Figure 
15.5, where isoquants representing crop B have been added by using 
0„ as the origin. Brown can produce A and B at any point within this 
box. Suppose that he chooses a point such as h. This is a possible point, 
but an inspection of the diagram indicates that this would be an inefficient 
allocation of resources. Brown could increase the output of both A and 
B by shifting down and to the right from point h. When he reaches a point 
where A and B isoquants are tangent, however, this will no longer be 
possible. Changes from some point such as g cannot involve increases 
in the output of both commodities but must result in decreases in both or 
decreases in one with increases in the other. A point of tangency between 
A and B isoquants means that the slopes of the two isoquants are equal, 
and so we define an efficient production point as one where the inverse 
ratios of marginal productivities of factors used in the production of the 
two commodities are equal. The locus of all such efficient points is 
indicated by the production contract line OagO^3 

• Since every point on this contract line represents a specific pair of A 
and B isoquants, it is a straightforward matter to read off efficient produc
tion combinations and to plot an opportunity cost curve. The opportunity 
cost curve based on the contract line in Figure 15.5 is given in Figure 
15.6. It should be emphasized that this curve represents efficient produc
tion. Inefficient points, for instance, point h in the previous diagram, will 
fall between this opportunity cost curve and the origin. No possible 
reallocation of factors can result in production combinations that fall 
farther from the origin than the opportunity cost curve. 

We have now learned that qualitative differences in factors are not 
necessary to give concave opportunity cost curves, since the law of 
diminishing returns will have a similar effect even with homogeneous 
resources. But the opportunity cost curve in Figure 15.6 is concave to 
the origin only through part of its range and becomes convex near either 
end. Just as diminishing returns result in concave curves, so increasing 
returns will result in production possibility curves convex to the origin. 
This is true in our illustration, since we have assumed, as in the previous 
single-factor example, that production is subject to increasing returns in 
the low-output ranges. 

The opportunity cost curve just derived is based on the production 
possibilities for an individual producer. The short-run opportunity cost 

•The contract line is convex to the lower right corner of the box diagram because we 
have plotted the F2-intensive crop from the 0„ origin. If we had used O,, as the origin for 
crop B. the contract line would have fallen to the left of the diagonal and would have been 
convex to the upper left corner of the box. 
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25 50 
Output Qb >• 

FIGURE 15.6 The opportunity cost curve (OCC) derived from Figure 15.5. 

curve for a region would simply be the aggregation of these individual 
curves, obtained by selecting values for the marginal productivity ratios 
and by adding together all outputs by individuals to obtain points on the 
regional curve.4 Since the selected points on each individual curve will 
have slope equal to the selected ratio of marginal physical productivities 
(or marginal costs), it follows that the slope of the regional curve at this 
aggregated point will also have this slope. The short-run regional curve 
would look something like Figure 15.6, representing in effect a weighted 
combination of all individual curves. 

15.4 THE LONG-RUN OPPORTUNITY COST CURVE 

Given time for economic adjustments to work out, we can expect factors 
used by individual producers to come into optimum adjustment —that 
each firm will operate at its most efficient point. Under these conditions, 
long-run changes in the commodity output of a region will be obtained by 
appropriate shifts in the numbers of efficiently organized firms. As a 
consequence, proportional increases in all factor inputs will be associated 
with directly proportional increases in outputs. The regional production 
functions, in other words, may be expected to reflect diminishing returns 

''Under perfect market conditions, all producers in the region would face identical 
product prices. As we will learn later, with any given set of prices each individual would 
find it economical to produce that combination of outputs which would equate the ratio of 
marginal productivities to the (inverse) ratio of product prices. 
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as we increase the relative use of any particular factor, but constant 
returns when all factors are increased in proportion. These production 
functions are called "linearly homogeneous" or "homogeneous of degree 
one." With these production functions, the resulting long-run regional 
opportunity cost curves will be concave to the origin throughout their 
entire ranges; and, in general, they will exhibit less pronounced curvature 
than will the individual and regional short-run curves. Regional curves 
convex in the low output ranges are possible, but this requires external 
economies of scale for the industries involved. 

Graphic Formulation. Since the essential features of the graphic 
analysis will not be changed, we will not repeat the parallels to Figures 
15.5 and 15.6. We point out that all isoquants in the equivalent of Figure 
15.5 will be exact scalar images of the unit isoquants given in Figure 15.4. 
This means that, if we select some factor proportion, the equivalent 
straight line through the origin will cut any set of isoquants that represent 
constant increments in output at constant distances along the line, since 
this will represent directly proportional increases in all inputs and in 
output. Notice also that any such straight line through the origin repre
sents the locus of constant MPP,IMPPX ratios —that all isoquants have 
equal slope along such a line. As already indicated, the outputs of the 
two commodities will be read from the pairs of tangent isoquants along 
the contract line, and the resulting opportunity cost curve will look much 
like Figure 15.6 but without the convex segments near each end. With 
diminishing returns limited to individual inputs and not appropriate for 
total output, it can be expected that the long-run regional opportunity 
cost curves will be somewhat less curvilinear than the individual short-run 
curves. 

It is interesting to notice that, with linear-homogeneous production 
functions, the construction of the production contract line (PCL) and the 
opportunity cost curve (OCC) can be illustrated in a single box diagram. 
In Figure 15.7 we show a conventional Edgeworth box, with available 
quantities of Fl measured by the height and available F2 quantities by 
the length of the box. Line Oac06 represents the contract line; for sim
plicity, we have omitted all isoquants except for the pair tangent at 
point c. 

Remember that, with these production functions, any straight line 
through the origin will show constant increases in output by constant 
incremental distances along the line. This means that the straight-line 
diagonal OaO(, can be scaled from 0 0 up and to the right to represent 
outputs of Qa and, also, that it can be scaled from 0 6 down and to the left 
to represent equal additions to Qb. Let us convert the top half of the box 
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Output Qb 

Factor^ 

FIGURE 15.7 The production contract line {PCD and the opportunity cost curve 
(OCC). 

diagram to a diagram representing outputs, with origin at point 0 at the 
lower right-hand corner. The vertical axis now is scaled to represent the 
output of Qa, with scale transferred horizontally from the appropriate 
points on the diagonal; and a similar scaling permits us to measure Qb 

along the horizontal axis. 
Consider the pair of A and B outputs represented by the isoquants 

tangent at point c. The A isoquant intersects the diagonal at point e, 
likewise the B isoquant intersects the diagonal at point d. In terms of our 
new Q„ and Qb scales, it is apparent that this pair of outputs can be 
represented by point c'. This is a point on the opportunity cost curve, and 
the fact that it falls on the far side of the diagonal from origin 0 (at lower 
right) clearly indicates that the opportunity cost curve must be concave 
to this origin. The addition of other pairs of isoquants will permit us to 
trace out the complete opportunity cost curve Oac'Oj,. 

Mathematical Formulation. Before leaving this discussion of oppor
tunity cost curves, we turn once again to more formal mathematical 
expression, with a warning that the detail may be tedious. We are con
sidering the case of two factors. F, and F2, in fixed total supply and two 
products. A and B, with linear homogeneous production functions. By 
extending our earlier single-factor analysis of Section 15.2. we define 
these functions as 

Qa • AF"F" (15.19) 
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Q„ = BFllF% (15.20) 

where na + m„ = 1.0 and nb + mb= 1.0. 
The production contract curve is defined as the locus of all points 

where the (inverse) ratio of marginal factor productivities in A are equal 
to the (inverse) ratio of marginal productivities in B. Thus 

an IAF Am,,FnaFma-1
 F 

o\Jalor2ll _ ln 2„ _m„tla (1521) 
dQjdFu, AnuF

n<rxFma naF2u 

and. also. l" 2" 
dQ,,ldF2b = mbFlb (15.22) 
dQiJdFlb n„F.,b 

By equating Equations 15.21 and 15.22 and by substituting Fl — Fu, = Flb 

and F2- F2„ = F2b, 
m„F,„ = mb(F,-Ful) 
n„F,„ nb(F,-F2„) <I5-23) 

F,„ = 2fbF'F-2" r^-- (15.24) 
nbm„F., + (n„mb — nbm„)F.,„ 

Then, in terms of the variables F,„ and F.,„. this is the equation for the 
production contract curve. Observe that when Q„ is F2-intensive and 
Qb is F,-intensive (the situation assumed in our graphics), this shows 
F,„ increasing with F2„ at an increasing rate. If Q„ were F,-intensive and 
Qb F2-intensive. the curve would increase but at a decreasing rate, and 
the contract line would fall above and to the left of the diagonal in 
Figure 15.7. 

Now. we consider the opportunity cost function. We can convert the 
Qb production function to 

7 - ( Q» V"1" 
'* \BF%) 

F . » = l z ^ r ) (15-25) 

By substituting F, — F,„ for F1(). 

F,„ = F , - . - % ) " 05.26) 
' \BF'I») \BF:„, 

and by substituting in the production function for Q„. we have this 
expression for the opportunity cost curve: 

Q„ = AF2a"[Ft - (B^F:b»Qby^ "a. (15.27) 

We wish to define the slope dQ,JdQb of any point on the opportunity cost 
curve, and we observe that the above expression is of the general form 

dQ„ldQb = dQjdU -dUldV- dVldQb 
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where U = (Fl-V
llnb) 

and V=(B-iF2-b
mt>Qb). 

The several partial derivatives yield 

dQrlldU = n„Q„lU (15.28) 

dUldV = -V""blnby (15.29) 

aVldQb = B-*FZ**. (15.30) 

Thus the slope of any point on the opportunity cost curve is 

dQJdQb = (nnQjU) (-V"»i>lnbV) (B-»F£"») 

= (naQAF, - (B-'F:,"1')'1""]) (-[B-'F:b"QbY'Hl 

«6[fi-'F;;""e6])(B-'F;;"") 
(15.31) 

= (n„Q„lFUl) (-FJnbQb). 

But we have already defined the marginal productivities, and with further 
substitution we obtain 

9Q„ldFu, = naAF2l','F";;IFu, = n„QjFu, {15.32) 

dQbldFlb=nbQblFlb. (15.33) 

Thus we find that the slope of the opportunity cost curve represents the 
ratio MPPujMPP,b. Moreover, if we had followed this same sequence 
but substituted in the production function for Qb. we would have demon
strated that the slope of the opportunity cost function is also equal to 
the ratio MPP.JMPP.,,,. 

15.5 FACTORS AFFECTING THE OPPORTUNITY COST CURVE 

We have learned that the opportunity cost curve is an effective device 
for summarizing the production possibilities of any region. The fore
going analysis has stressed the impact of the technical production func
tions on the shape or curvature of the opportunity cost curve. We have 
found that, with given resource endowments, the slope of the opportunity 
cost curve will reflect the ratios of marginal factor productivities in the 
several alternative enterprises. But we must emphasize that the curvature 
of the opportunity cost function is a reflection of the relative factor 
intensities of the several production functions. 
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Factor Intensities. Consider the equation that we have derived to 
express the production contract curve in the Edgeworth box diagram: 

F nmbF,F2„ ( 1 5 2 4 ) 

nbm„F2 + (n„mb - nbm„)F.,„ 

If the two production functions are identical in factor intensities —if 
n„ = nb and m„ = mb — then this reduces to 

Fu, = F,F.JF2 (15.34) 

a straight-line function that is represented by the diagonal O a06 in 
Figure 15.7.5 Moreover, the greater the difference in factor intensity in 
the alternatives, the greater the departure of the production contract 
curve from this straight-line diagonal. We illustrate this in Figure 15.8 
where the contract line PCL^ passing through the points OacO;,, is taken 
from Figure 15.7 and where na = mb = 0.2 and nb = ma = 0.8. We have 
also included a contract curve where differences in factor intensities 
are not so pronounced — na = mb = 0.33 and nb = ma = 0.67 — the PCL2 

curve OafOb. Finally, as we pointed out above, any equal factor intensity 
situation will result in a production contract curve that is the straight-
line diagonal (OaOft in this diagram). 

5Notice that the production contract line will be the straight-line diagonal for all cases of 
equal factor intensities even if n + m ^ 1.0. If n + m > 1.0, however, the corresponding 
opportunity cost curve will be convex, likewise, if n + m < 1.0, the opportunity cost curve 
will be concave. 

Factor F^ -

FIGURE 15.8 The effect of differences in factor intensity on the production contract 
line and the opportunity cost curve. 
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From this diagram we can observe that, the greater the difference in 
factor intensity in the alternative production functions, the greater the 
curvature of the production contract curve. In fact, this curve is concave 
to the line OaOft in the diagram and, in the limit as na and mb approach 
zero and nb and m„ approach 1.0, the production contract curve converges 
on the axes Oa0O(,. 

This diagram also illustrates the fact that the opportunity cost curve 
becomes more curvilinear as differences in factor intensities increase. 
We have observed that the contract curve is the straight-line diagonal in 
the box diagram when factor intensities are identical. Under these 
conditions, the equation for the opportunity cost function becomes 

Q„=Ft"F.1'"Qh. (15.35) 

When the production functions are linear and homogeneous (n + m = 1.0). 
and with appropriate allowance for scaling, this is also a linear function 
represented by the diagonal in the diagram. As the differences in factor 
intensities increase, the opportunity cost curve takes shapes like Oaf'Ob 

and (with greater differences) Oac'Ob. In the limit, as na and mb approach 
zero, the opportunity cost curve converges on a single point 0', since in 
this situation Q„ will require only F-, and will use all of the available 
supply but Qb will require only F, and will use all of that factor available. 

Factor Endowments. Although differences in factor intensities are 
largely responsible for the curvature or convexity of opportunity cost 
curves, their general shape and size reflect differences in the endowments 
of factors. These effects are illustrated in Figure 15.9 where opportunity 
cost curves based on identical production functions have been generated 
from a variety of assumed factor endowments. It should be quite clear 
that regions well supplied with all resources will have opportunity cost 
curves that show greater production possibilities than will regions with 
relatively scarce resources (compare curve B with curve E). Regions with 
relatively abundant supplies of resources well adapted to the production 
of A (that is to say. abundant resources of which A is an intensive user) 
will have opportunity cost curves similar to curved in the diagram, while 
regions with few resources well adapted to A but abundant resources 
well adapted to B will have curves somewhat like D in the diagram. 

We close this chapter by pointing out that our illustrations of differ
ences in factor intensities and in factor endowments have been entirely 
hypothetical but that even the extreme examples used do not begin to 
match real differences in intensities and endowments. Within agriculture, 
examples such as wheat production in the Dakotas, poultry production in 
Delaware, or vegetable production in California suggest some of the more 
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» 

Output Qb -

FIGURE 15.9 The effects of changes in resource endowments on the opportunity cost 
curve. {Note. For all curves the production functions are identical: Q„ = F,"-2F2""; 
Qb = F<

0gF2
0-2. The factor endowments vary as follows: A-.F, = 5, F2 = 30; B-.F, = 10, 

F2 = 15; CF, = 15, F2 = 10; DF, = 30, F2 = 5; EF, = 5, F2 = 7.5.) 

extreme variations in land, labor, and capital proportions and intensities. 
These illustrations also suggest important differences in relative factor 
endowments, although perhaps the most pronounced differences here are 
to be found in comparisons of industrial metropolitan areas with extensive 
farming areas. Thus we may expect opportunity cost curves to exhibit a 
wide variation in curvature and in general form —factors of primary 
importance as we move on to a consideration of interregional trade 
possibilities. 
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